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Non-stationary null dust in a spherically symmetric spacetime is studied in the context of a
general-covariant Horˇava-Lifshitz theory. The non-minimal coupling to matter is considered in the
infrared limit. The aim of this paper is to study whether the collapse of a null dust-like fluid can be
a solution of Horˇava-Lifshitz theory in the infrared limit. We have shown that the unique possible
solution is static. This solution represents a Minkowski spacetime since the energy density is null.
PACS numbers: 04.50.Kd; 98.80.-k; 98.80.Bp
I. INTRODUCTION
Finding a consistent theory of quantum gravity is still
one of the fundamental problems in contemporary theo-
retical physics. This problem is further complicated by
the fact that we have not yet observed any quantum ef-
fects of gravitation.
As it has been shown that General Relativity (GR) is
not perturbatively renormalizable, one has to find new
strategies [1] [2].
This is the motivation for the recent quantum theory of
gravity with anisotropic scaling proposed by Petr Horˇava
[3], the so-called Horˇava-Lifshitz (HL) theory.
Because of its power-counting renormalizability, HL
theory is considered to be one of the promising ap-
proaches to quantum gravity. Recently, the renormal-
ization of the projectable HL theory without the extra
U(1) symmetry was proved by Barvinsky at al. [4]. The
existence of anisotropic scaling implies that there is a pre-
ferred time-coordinate [5]. This helps in slicing the four
dimensional manifold into foliations. Thus, it is natural
to use the ADM decomposition of the metric [6].
There is an extensive literature on HL gravity, where
some problems of internal consistency and compatibility
with observations are discussed. References [5], [7], [8]
and [9] review and discuss these issues. Problems includ-
ing strong coupling, breaking of unitarity and other in-
consistencies are addressed in references [10] [11] [12]. It
is important to emphasize that, although the motivation
for the construction of this theory has been the possibil-
ity of quantization of gravitation, this has not been done
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yet in four dimensions [13].
The gravitational collapse is a well explored phe-
nomenon in GR, for this reason it is interesting to study
this in the context of HL theory. Also, it becomes a com-
patibility test as HL theory should converge to GR in
the IR. Recent literature on gravitational collapse in HL
theory has shown that very little effort has been made to
understand the theory even classically [14]. Some of the
previous works published by three of the authors have at-
tempted to fill the gap [15] [16] [17]. The present paper
is a continuation of our previous papers to understand
the HL theory in the IR.
Our aim in the present work is to revisit the null dust
solution in the projectable case of HL theory, but without
using the Vaidya’s metric. We have chosen a null dust
fluid because it is the simplest null fluid that we can have.
Besides, we would like to compare the results with our
previous work [17] with non-null dust fluid. Our original
proposal was to use the most general metric without any
hypothesis to simplify the equations, but we found that
these equations cannot be solved analytically. So, by
placing some conditions on the metric, we have succeed
in finding a particular solution. One of these conditions
is that the variables of the metric are separable. This
consideration is strong and it excludes Vaidya’s metric as
a solution in GR. However, as it was shown by some of
us [15][16], Vaidya’s metric is not a solution of HL in the
IR. That is, the same fluid or metric, does not necessarily
correspond to the same solution in both theories, HL
and GR. Therefore, the hypothesis that there exits some
solution for a null fluid with variable separation in HL in
the IR limit is plausible.
The paper is organized as follows. In Section II, we
present a brief introduction to HL theory with coupling
with matter [19][20]. In Section III, we study the null
dust solution in the infrared limit. In Section IV, we
discuss the results.
2II. GENERAL COVARIANT
HORˇAVA-LIFSHITZ GRAVITY WITH
COUPLING WITH THE MATTER
We present a summary of the HL gravity with the non-
minimal coupling to matter. For more details, we refer
the readers to [18][19] [20] [21] [22].
A line element in the Arnowitt-Deser-Misner (ADM)
form is given by [6],
ds2 = −N2dt2 + gij
(
dxi +N idt
) (
dxj +N jdt
)
,
(i, j = 1, 2, 3), (1)
where the non-projectability condition implies that the
lapse is a function of spacetime, N ≡ N(t, xi). However
in this work, since we use the non-minimal coupling, we
must have N = 1, i.e., we will work with a projectable
metric.
In reference [19][20], Lin et al. proposed that, in the
IR, it is possible to have matter fields universally coupled
to the ADM components through the transformations
N˜ = FN, N˜ i = N i +Ngij∇jϕ,
g˜ij = Ω
2gij , (2)
with
F = 1− a1σ, Ω = 1− a2σ, (3)
where
σ ≡ A−A
N
,
A ≡ −ϕ˙+N i∇iϕ+ 1
2
N
(∇iϕ) (∇iϕ) ,
(4)
and where A and ϕ are the gauge field and the Newto-
nian prepotential, respectively, and a1 and a2 are two
arbitrary coupling constants. Note that by setting the
first terms in F and Ω to unity, we have used the free-
dom to rescale the units of time and space. We also have
N˜i = Ω
2 (Ni +N∇iϕ) , g˜ij = Ω−2gij . (5)
In terms of these newly defined quantities, the matter
action can be written as
Sm =
∫
dtd3xN˜
√
g˜ L˜m
(
N˜ , N˜i, g˜ij ;ψn
)
, (6)
where ψn collectively stands for all matter fields. One can
then define the matter stress-energy in the ADM decom-
position, with the non-minimal coupling. The different
components are given by (for the details see [18][19][20])
ρH(GR) = Tµνn
µnν ≡ J t = −δ(N˜ L˜m)
δ(N˜)
Si(GR) = −Tµνh(4)iµnν ≡ J i = δ(N˜ L˜m)
δ(N˜i)
Sij(GR) = Tµνh
(4)iµh(4)jν ≡
τ ij =
2
N˜
√
g˜
δ(N˜
√
g˜L˜m)
δ(g˜ij)
, (7)
where h(4)µν is the projection operator, defined as
h(4)µν ≡ g(4)µν+nµnν and nµ is the normal vector to the
hypersurface t = constant, defined as nµ = 1
N
(−1, N i).
The total action of the theory can be written as
S = ζ2
∫
dtd3x
√
gN
(
LK − LV + LA + Lϕ + LS +
1
ζ2
LM
)
, (8)
where g = det(gij), N is given in the equation (1).
The Ricci and Riemann tensors Rij and R
i
jkl all refer
to the 3-metric gij , with Rij = R
k
ikj and
Rijkl = gikRjl + gjlRik − gjkRil − gilRjk
−1
2
(gikgjl − gilgjk)R,
Kij ≡ 1
2N
(−g˙ij +∇iNj +∇jNi) ,
Gij ≡ Rij − 1
2
gijR,
ai ≡ N,i
N
, aij ≡ ∇jai, (9)
where Ni is defined in the ADM form of the metric [6],
given by equation (1).
The variations of the action S given by equation (8)
with respect to N and N i give rise to the Hamiltonian
and momentum constraints,
LK + LV + FV − Fϕ − Fλ +HS = 8piGJ t, (10)
M iS +∇j
{
piij − (1− λ)gij(∇2ϕ+ ak∇kϕ)
− ϕGij − Gˆijklal∇kϕ
}
= 8piGJ i, (11)
where
HS = 2σ1
N
∇i
[
ai (A−A)]− σ2
N
∇2 (A−A)
+
1
2
aS∇jϕ∇jϕ,
M iS = −
1
2
aS∇iϕ,
J i = −N δLM
δNi
, J t = 2
δ(NLM )
δN
,
piij = −Kij + λKgij , (12)
with
aS = σ1aia
i + σ2a
i
i, (13)
and FV , Fϕ and Fλ are given in the Appendix A of the
reference [17].
3Variations of action S given by equation (8) with re-
spect to ϕ and A yield, respectively,
1
2
Gij(2Kij +∇i∇jϕ+ a(i∇j)ϕ)
+
1
2N
{
Gij∇j∇i(Nϕ)− Gij∇j(Nϕai)
}
− 1
N
Gˆijkl
{
∇(k(al)NKij) +
2
3
∇(k(al)N∇i∇jϕ)
−2
3
∇(j∇i)(Na(l∇k)ϕ) +
5
3
∇j(Naiak∇lϕ)
+
2
3
∇j(Naik∇lϕ)
}
+ΣS
+
1− λ
N
{
∇2 [N(∇2ϕ+ ak∇kϕ) ]
−∇i[N(∇2ϕ+ ak∇kϕ)ai]
+∇2(NK)−∇i(NKai)
}
= 8piGJϕ, (14)
where,
ΣS = − 1
2N
{
1√
g
∂
∂t
[
√
gaS ]
−∇k
[(
Nk +N∇kϕ) aS]
}
(15)
and
R− aS = 8piGJA, (16)
where
Jϕ = −δLM
δϕ
, JA = 2
δ(NLM )
δA
. (17)
The variation of the action S given by equation (8)
with respect to gij give us the dynamical equations,
1√
gN
∂
∂t
(√
gpiij
)
+ 2(KikKjk − λKKij)
−1
2
gijLK + 1
N
∇k(piikN j + pikjN i − piijNk)
+F ij − F ijS −
1
2
gijLS + F ija −
1
2
gijLA + F ijϕ
− 1
N
(ARij + gij∇2A−∇j∇iA) = 8piGτ ij , (18)
where
τ ij =
2√
gN
δ(
√
gNLM )
δgij
,
(19)
and F ij , F ijS , F
ij
a and F
ij
ϕ are given in the Appendix A
of the reference [17].
From reference [19][20], we have that
N˜ = N˜(N,Ni, gij , A, ϕ),
N˜i = N˜i(N,Ni, gij , A, ϕ),
g˜ij = g˜ij(N,Ni, gij , A, ϕ). (20)
Thus,
J t = 2Ω3
{
− ρδN˜
δN
+
δN˜i
δN
Si +
1
2
N˜
δg˜ij
δN
Sij
}
. (21)
Similarly, it can be shown that
J i = −Ω3
{
− ρ δN˜
δNi
+
δN˜k
δNi
Sk +
1
2
N˜
δg˜kl
δNi
Skl
}
,
τ ij =
2Ω3
N
{
− ρ δN˜
δgij
+
δN˜k
δgij
Sk +
1
2
N˜
δg˜kl
δgij
Skl
}
,
JA = 2Ω
3
{
− ρδN˜
δA
+
δN˜k
δA
Sk +
1
2
N˜
δg˜kl
δA
Skl
}
,
Jϕ = − 1
N
{
1√
g
(B
√
g)
,t
−∇i
[
B
(
N i +N∇iϕ) ]
−∇i
(
NΩ5Si
)}
, (22)
where
B ≡ −Ω3
{
a1ρ− 2a2 (1− a2σ)
N
Sk (Nk +N∇kϕ)
−a2 (1− a1σ) (1− a2σ) gijSij
}
. (23)
Note that, if we use the projectable case of HL then
LS = 0, M iS = 0, HS = 0, ΣS = 0 and aS = 0. In order
to have these quantities in HL, it is only necessary the
non-projectability condition [19][20].
III. COLLAPSE OF A NULL FLUID
For a general spherically spacetime filled with dust in
GR [23], the metric can be written as
ds2 = −dt2+e2Φ(r,t)dr2+R(r, t)2(dθ2+sin2 θ dφ2). (24)
Note also that this metric is a projectable one, thus we
will use the projectable case of HL, now on.
The energy-momentum tensor for a null fluid is given
by
Tµν = ρlµlν , (25)
where the null vector lµ is given by
lµ = δ
t
µ + e
Φδrµ. (26)
4The projection tensor hµν is defined as
hµν = gµν + nµnν , (27)
where nµ = δ
t
µ thus, we have
htt = 0,
hrt = 0,
htr = 0,
hrr = 1,
hθθ = h
φ
φ = 1. (28)
Let us now analyze the case where it exists a non-
minimal coupling with matter [18][19][20]. In this case
we have the following conditions,
γ1 = −1, (29)
a1 = 1, (30)
a2 = 0, (31)
F = 1−A, (32)
Ω = 1, (33)
N˜ = 1−A, (34)
N˜ i = N i, (35)
g˜ij = gij , (36)
A = 0, (37)
σ = A, (38)
(39)
Besides, from equations (21)-(23) we have
J t = −2ρ, (40)
J i = 2ρe−Φδir, (41)
τ ij = (1−A)ρe−2Φδirδjr , (42)
JA = 2ρ, (43)
Jϕ = ρ˙+ ρΦ˙ + 2ρ
R˙
R
− 2eΦ(ρ′ + ρΦ′), (44)
where we have substituted B = −ρ.
In order to be consistent with observations in the in-
frared limit [19][20], we assume that
β1 = β2 = β3 = β4 = β5 = β6 = β7 = β8 = β9 = 0,
γ0 = γ2 = γ3 = γ4 = γ5 = γ6 = γ7 = γ8 = γ9 = 0.
Thus, we have the vanishing of the cosmological constant,
as follows
Λg ≡ 1
2
ζ2γ0 = 0.
Let us impose that the metric variables are separable.
As commented in the introduction of this paper, these
conditions are imposed in order to be able to solve the
equations analytically using the Maple software. Here-
inafter, the prime and dot symbols denote the partial
differentiation with respect to the coordinate r and t,
respectively. Thus, we can write
Φ(r, t) = log (F (t)G(r)) , (45)
and
R(r, t) = S(t)H(r). (46)
Combining equations (40)-(44) and (9)-(19) we have
ρ = 2
G′H ′
G3F 2H
− 2 H
′′
F 2G2H
− H
′2
F 2G2H2
+
1
S2H2
.
(47)
Using the equation (47) and the equations (7)-(23) we
have that
−2H
′S˙
SH
+ 2
H ′F˙
FH
+ 4
G′H ′
G5F 4H
− 4H
′′
G4F 4H
−
2
H ′2
G4F 4H2
+ 2
1
G2F 2H2S2
= 0, (48)
F˙ 2
F 2
− λF˙
2
F 2
+ 2
F˙
FH2S2
− 4 F˙ λ
FH2S2
− 4λS˙F˙
FS
= 0,
(49)
−2 S˙G
′H ′
G3F 2SH
+ 3
S˙H ′′
G2F 2SH
− λ H
′′S˙
G2F 2SH
−
2
F˙H ′2
G2F 3H2
+ 2
H ′2S˙
G2F 2SH2
+ 2
F˙G′H ′
G3F 3H
−
2
F˙H ′′
G2F 3H
+ 4
G′′H ′
G2FH
− 2 G
′H ′2
G2FH2
− 4 H
′′′
GFH
+
2
FG′
S2H2
− 8 G
′2H ′
G3FH
+ 8
G′H ′′
G2FH
+ 4
H ′3
GFH3
−
4
GFH ′
S2H3
= 0. (50)
Finally, from the dynamical equations (18), combined
with the second equation of (22), we get
Drr − τrr =
−1
2
1
G5F 4S2H2
×
(−2G3S2H2F¨F + 2G3S2H2F˙ 2 −G3F˙ 2 −
4G3F˙ S˙H2SF + 2G3λS2H2F¨F − 2G3λS2H2F˙ 2 +
λG3F˙ 2 + 4λS˙F˙G3FH2S + 4GA′S2H ′H −
4H ′2GS2 + 4G3F 2 + 4GAS2H ′2 − 4AF 2G3 +
4G3F 2S¨H2λS + 2G3F 2S˙2H2 + 4G′H ′HS2 −
4H ′′GHS2 − 4AG′H ′HS2 + 4AH ′′GHS2) = 0,
(51)
5Dθθ − τθθ =
−1
2
1
G3F 2S3H3
×
(2A′′SHG− 2A′G′SH + 2A′SH ′G− 2G′SH ′A+
2G′SH ′ + 2G3λSHF¨F −G3F˙ 2λSH +G3F˙ 2SH +
4FG3F˙SH ′λ− 2FG3F˙ S˙H + 2SH ′′AG− 2SH ′′G+
4G3F 2S¨Hλ− 2G3F 2S¨H) = 0, (52)
and
Dφφ = τφφ = Dθθ sin2 θ. (53)
Using Maple we have solved equations (48), (49), (50),
(51) and (52) simultaneously, given us
F (t) = c1, (54)
S(t) = c2, (55)
G(r) = s
√
(Hc21 + c3c
2
2)HH
′c2
Hc21 + c3c
2
2
, (56)
A(r, t) = 1 +
√
Hc21 + c3c
2
2F1(t)√
H
, (57)
where c1, c2, c3 are arbitrary constants, F1(t) is an arbi-
trary function of time and s = ±1.
Substituting equation (54), (55) and (56) into equa-
tions (24) and (47) we have finally
ds2 = −dt2+ s2 c
2
1HH
′2c22
Hc21 + c3c
2
2
dr2 + c22H
2(dθ2 +sin2 θ dφ2).
(58)
ρ =
s2 − 1
H2c22s
2
= 0, (59)
since s = ±1. Since the energy density is null, this might
represent a Minkowski spacetime.
Making a coordinate transformation, such as r = c2H
we obtain
ds2 = −dt2+ c
2
1r
rc21 + c3c
3
2
dr2+ r2(dθ2+sin2 θ dφ2). (60)
Notice that if c3 6= 0 then we have a static non Minkowski
spacetime, otherwise we recover the Minkowski space-
time. Assuming that
rs = −c3c
2
2
c21
, (61)
we can rewrite equation (60) as
ds2 = −dt2 + r
r− rs dr
2 + r2(dθ2 + sin2 θ dφ2). (62)
Thus, the quantity A(r, t) is given by
A(r, t) = 1 + c1
√
1− rs
r
F1(t). (63)
Since we have used a projectable metric assuming a
time coordinate transformation such as dt′ = (1 − A)dt,
then we must have rs = 0, because A must be time de-
pendent only, i.e., A = A(t). Thus, the unique possible
solution we have is the Minkowski spacetime.
IV. CONCLUSION
We have studied the spherically symmetric spacetime
filled with a null dust fluid in the framework of gen-
eral covariant HL theory with the non-minimal coupling
[18][19][20], in the infrared limit. We have analyzed if
such a solution can be described in the general covariant
HL gravity [21, 22]. We have found a solution that is
static. This solution represents a Minkowski spacetime
in GR, since the energy density is null.
At this point we have some comments to make. Notice
that we have no longer expected to find Vaidya’s solution.
As shown by some of us [15] [16], Vaidya’s metric is not
a solution for a null fluid in the HL in the IR. So, we
could ask if there is any other null fluid solution different
from the Vaidya’s in HL gravity. We have found one with
variables separated.
It should be noted that the techniques used here to
find a solution, that is, separation of variables, was used
before in our previous paper [17], working with timelike
dust fluid. There, we found interesting results. One of
the solutions has the same behavior as in GR but another
one has a temporal behavior that can be interpreted as
a bouncing. Therefore, while timelike fluids retain some
analogy between the HL and GR in the IR limit, the
same can not be concluded for null fluids.
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